Abstract. The inversive congruential method is an attractive alternative to the classical linear congruential method for pseudorandom number generation. In this paper we present the first nontrivial bounds on the discrepancy of individual sequences of inversive congruential pseudorandom numbers in parts of the period. The proof is based on a new bound for certain incomplete exponential sums.
Introduction
Let p be a (large) prime and let F p be the field of p elements which we identify with the least residue system modulo p. For given a ∈ F * p , b ∈ F p , let ψ be the permutation of F p defined by
Let u 0 , u 1 , . . . be the sequence of elements of F p obtained by the recurrence relation u n+1 = ψ (u n ) , n= 0, 1, . . . , (2) where u 0 is the initial value. Then the numbers u 0 /p, u 1 /p, . . . in the interval [0, 1) form a sequence of inversive congruential pseudorandom numbers. It is obvious that the sequence (2) is purely periodic with some period t ≤ p.
The inversive congruential generator provides a very attractive alternative to linear congruential generators and has been extensively studied in the literature. In particular, several results about the period of this generator have been obtained. For example, it is known when such sequences achieve the largest possible period, which is obviously t = p (see [5] ). For such sequences of period t = p, a number of results about the distribution and statistical almost-independence of the points u n /p over the full period have been established, starting with the paper [9] . Many of these results are essentially best possible. We refer to [4, 7, 9, 10, 11, 12] for more detail and references to original papers. On the other hand, it has been an important open question to obtain nontrivial results about the distribution of the above fractions in parts of the period. The results obtained so far for parts of the period refer only to an average-case analysis for a certain set of parameters (see [2, 3] ), but not to individual sequences of inversive congruential pseudorandom numbers. The case of periods t < p is of interest as well.
Here we describe a method which allows us to give the first nontrivial bounds on the discrepancy of an individual sequence of inversive congruential pseudorandom numbers in parts of the period. In [13] similar results have been obtained for sequences satisfying the relation u n+1 = f (u n ) with a polynomial f (X) ∈ F p [X]. In the very special but important case when f (X) = X e , that is, for the power generator , an alternative approach has been proposed in [6] . This approach, although it has produced quite strong results for the power generator, cannot be extended to other nonlinear generators.
We thank the referee for suggesting improvements to the constants in the original versions of Theorems 1 and 2 of this paper.
Discrepancy bound
where the period t is arbitrary. The discrepancy D N of these numbers is defined by
where the supremum is extended over all subintervals
and λ(J) is the length of J.
According to a standard principle, we can bound the discrepancy D N by bounding the corresponding exponential sums
Theorem 1. For any prime p and any integer h ≡ 0 (mod p) we have
Proof. The theorem is trivial for N ≤ 2p 1/2 since in this case the upper bound for |S h (N )| in the theorem is greater than N . Thus, we can assume that N > 2p 1/2 . By the way, this implies that p ≥ t ≥ N > 2p 1/2 , and so p ≥ 5. Fix the prime p ≥ 5 and the integer h ≡ 0 (mod p), and write
For any integer m let ψ m denote the mth power of the permutation ψ given by (1) in the symmetric group on p symbols. Then u n = ψ n (u 0 ) for all integers n ≥ 0, and we use this identity to define u n for all negative integers n. It is easy to see that for any integer k we have
For an integer K ≥ 1 put
Therefore, if we use (3) for all k ∈ R(K), then we get
with
By the Cauchy-Schwarz inequality we obtain
Recalling that ψ is a permutation, we can now write
and so
Now we assume that K ≤ t. Then it follows by straightforward induction that for
for all w ∈ F p \E m , where E m consists of the roots of all polynomials g j , 1 ≤ j ≤ m. 
Together with (5) this yields
By combining this with (4), we arrive at
under the condition that K ≤ t. Now we put
Then t ≥ N > 2p 1/2 shows that the condition K ≤ t is satisfied. For this choice of K we have
Thus we get
Using the inequalities (p − 2p 
Proof. According to a general discrepancy bound, given by Corollary 3.11 of [10] in combination with an inequality of Cochrane [1] , we have 
with an absolute implied constant.
Remarks
It would be important to study the distribution of the s-tuples
The case N = t = p has been treated in [9] . For polynomial generators it has been done in [13] (although the results are rather weak). It would be very interesting to extend the results of this paper to the case of nonlinear generators with rational functions f (X) ∈ F p (X). We also believe that our method is able to produce nontrivial results about the distribution of sequences satisfying nonlinear recurrence relations of order m ≥ 2, that is, of the form u n+m = f (u n+m−1 , . . . , u n ) , n= 0, 1, . . . ,
where f (X 1 , . . . , X m ) ∈ F p (X 1 , . . . , X m ) is a rational function over F p . Finally we remark that our method works for generators modulo a composite number as well. But one should expect weaker results because instead of the very powerful Weil bound one will have to use bounds on exponential sums with composite denominator which are essentially weaker (see [14] ).
